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Experiments show that a laminar pipe flow starts to change to turbulence at Reynolds numbers around 2000. 
However, the classical Navier-Stokes theory fails to explain such a transition; according to it the pipe flow should 
always be stable and laminar. In the present work, it is hypothesized that the transition to turbulence occurs due 
to material rather than kinematic instabilities of the flow, and the classical Navier-Stokes theory is enhanced with 
a description of viscous strength. Numerical simulations of the pipe flow with and without the viscous strength 
are performed. The results show that material instabilities due to the viscous strength gradually develop into a 
turbulent flow, in agreement with the experimental observations. In the absence of viscous strength, the pipe flow 
remains laminar in disagreement with experiments. It is concluded that the material instabilities can generally 
compete with the kinematic ones in the process of transition from laminar to turbulent flow.
1. Introduction

Considering pipe flow, Osborne Reynolds [1,2] introduced a non-

dimensional parameter 𝑅𝑒 = 𝜌𝑣𝐷∕𝜂, in which 𝜌 is the mass density of 
the fluid, 𝑣 is the mean velocity, 𝐷 is the diameter of the pipe, and 𝜂
is the viscosity of the fluid. Reynolds assumed that the transition from 
laminar to turbulent flow occurred at some critical number 𝑅𝑒cr. Exper-

imental estimates of this critical number for water vary from 1700 and 
2300 [3,4] to 3000 [5]. Recently, Avila et al. [6] experimentally stud-

ied laminar flow through a 15 m long pipe with a diameter of 4 mm 
and observed that at 𝑅𝑒cr ≈ 2400 the laminar flow became unstable and 
indicated transition to turbulence.

Theoretical explanations of the transition to turbulence have a long 
history [7–15] and debates proceed nowadays. Unfortunately, the lin-

ear instability analysis cannot capture the onset of failure of the laminar 
flow, which is observed in experiments. The linear instability analysis 
tracks the evolution of infinitesimal or small perturbations, e.g., molec-

ular fluctuations, which always exist. Such perturbations do not develop 
into transitional flow according to the Navier-Stokes theory [16,17].

To accommodate the experimentally observed transition to turbu-

lence within the framework of the Navier-Stokes theory, some authors 
assume the existence of finite or large perturbations in the laminar 
flow [4,5,18]. Numerous numerical studies [19–26] have simulated pipe 
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floes and have observed that increasing the Reynolds number (𝑅𝑒) leads 
to turbulence in pipe flow, regardless of the magnitude of local pertur-

bations. These perturbations were primarily attributed to background 
distortions and numerical noise, which trigger turbulence. Luciano [26]

recently noted that to accurately simulate and generate turbulence in the 
flow, it is essential to manually introduce perturbations. Luciano [26]

further demonstrated that by increasing the magnitude of the perturba-

tion, it is possible to achieve a transition even around 𝑅𝑒 ≈ 1000. The 
authors conclude that the added perturbation in the simulation accounts 
for any small perturbations that always exists within the experiments. 
However, the physical grounds for such an assumption are disputable. 
Interestingly, Wygnanski and Champagne [27] observed that the en-

forcement of finite perturbations did not always ensure instability.

The authors note in passing that the conventional NS approach also 
struggles to explain the physical mechanism of drag reduction when a 
small amount of polymer molecules is added to a Newtonian solvent, as 
reported widely in the literature [28–34].

The difficulty of the classical NS theory to explain some of the ex-

perimentally observed transitions to turbulence led Volokh [35–37] to 
assume that considerations of purely kinematic instabilities of the lam-

inar flow were not enough and material instabilities of the flow should 
also be taken into account. The latter extension of the NS theory can be 
done, for example, by the enforcement of finite viscous strength in the 
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List of symbols

𝑅𝑒 Reynolds number

𝐯 Flow velocity

𝐷 Diameter of the pipe

𝐿 Length of the pipe

𝑚 VSM parameter

𝑣in Peak inlet velocity

𝐃 = 1
2
(
grad𝐯+ grad𝐯T

)
Symmetric strain rate tensor

𝜌 Fluid (water) density

𝜂 Viscosity

𝜙 Critical strain rate

𝜂∗ Generalized viscosity

𝜏 Shear stress

𝜏cr Critical shear stress
constitutive law. Physically, it means that viscosity drops at the critical 
strain rate because internal friction breaks down leading to instability of 
the laminar flow. The viscous stress corresponding to the critical strain 
rate is termed the viscous strength of the fluid. It is a material prop-

erty.

Quite amazingly, the recent molecular dynamic simulations by 
Raghavan and Ostoja-Starzewski [38] confirm the assumption of vis-

cous strength in the continuum mechanics formulation.

Despite its theoretical promise and some analytical results [35–37], 
the proposed modified NS constitutive model with viscous strength was 
not examined in specific numerical simulations of a three-dimensional 
pipe flow. This gap is filled in the present work. Results of numerical 
simulations are reported below, which show the transition to turbulence 
in the pipe flow with the modified NS approach. This transition is due 
to the process of growing material instabilities.

2. Navier-Stokes model enhanced with viscous strength

To summarize the governing equations of pipe flow, the linear mo-

mentum balance in the standard form can be presented as

𝜌
𝜕𝐯
𝜕𝑡

+ 𝜌(grad𝐯)𝐯 = −grad𝑝+ div𝝉 , (1)

where 𝜌 is the mass density; 𝐯 is the velocity obeying the incompress-

ibility condition div𝐯 = 0; 𝑡 is time; 𝑝 is the hydrostatic pressure; and 𝝉
is the viscous stress tensor.

The governing equations also include the constitutive law. For New-

tonian fluids, the viscous stress is proportional to the strain rate

𝝉 = 2𝜂𝐃, (2)

where 𝜂 is the fluid viscosity and 𝐃 =
(
grad𝐯+ grad𝐯T

)
∕2 is the strain 

rate tensor equal to the symmetric part of the velocity gradient.

In the viscous strength model [35], a finite strain rate limiter is in-

corporated in the viscosity function that remains constant until a critical 
point, beyond which the viscosity drops to zero representing a break-

down of contacts between fluid layers

𝜂∗ = 𝜂exp

[
−
(
𝐃 ∶𝐃
𝜙2

)𝑚]
, (3)

where 𝐃 ∶ 𝐃 = tr
[
𝐃𝐃T

]
is the squared equivalent scalar strain rate; 𝑚

is a constant; and 𝜙 is the critical equivalent strain rate, which is a 
saturation limit for the material stability of the fluid.

The viscosity function has essentially two modes – nonzero constant, 
which describes a classical Newtonian fluid, and zero constant, corre-

sponding to the ideal fluid with negligible internal friction:

𝜂∗ =

{
𝜂 when 𝐃 ∶𝐃 < 𝜙2

0 when 𝐃 ∶𝐃 > 𝜙2,
(4)

By increasing the magnitude of constant 𝑚 in Eq. (3), it is possible 
to approach the step function that physically means a breakdown in the 
internal friction between fluid layers – Fig. 1a.

Accordingly, the modified constitutive model incorporating the vis-
2

cous strength becomes
𝝉 = 2𝜂∗𝐃. (5)

For the sake of clarification, let us consider shear flow with nonzero 
strain rate component 𝐷𝑥𝑦 and stress 𝜏𝑥𝑦. In this case, the constitutive 
law takes the form

𝜏𝑥𝑦

𝜂𝜙
= 2

(
𝐷𝑥𝑦

𝜙

)
exp

[
−2𝑚

(
𝐷𝑥𝑦

𝜙

)2𝑚]
. (6)

Its graphical representation in Fig. 1b shows that, unlike the classical 
NS theory, the shear stress possesses a finite limit – strength – indicating 
the breakdown of internal viscous friction. The strain rate correspond-

ing to this stress bound can be obtained by solving 𝑑𝜏𝑥𝑦∕𝑑𝐷𝑥𝑦 = 0 for 
Eq. (6), which results in

𝐷𝑥𝑦

𝜙
=
[

1
2𝑚+1 𝑚

] 1
2𝑚

. (7)

Hence, the viscous strength of the fluid becomes 𝜏𝑥𝑦 =
√
2𝜂𝜙 for 𝑚 ≫ 1.

Remark 1. The authors note that the conventional Navier-Stokes as-

sumption of the perfectly intact viscous bonds is an extreme case of the 
viscous strength model with 𝜙 →∞. In other words, the traditional NS 
model has infinitely large viscous strength. The latter means that fric-

tion between adjacent fluid layers is always ideal and the viscous stress 
can increase infinitely with the increasing strain rate. Such property of 
the NS model is doubtful on physical grounds because no unbreakable 
materials really exist.

Remark 2. The model parameter 𝑚 helps in the mathematical smooth-

ing of the step function. For materials with finite viscous stress, 
the critical strain rate can be obtained with the help of equality 

lim𝑚→∞

[
1

2𝑚+1 𝑚

] 1
2𝑚 = 1√

2
.

3. Pipe flow simulations

In this section, the authors describe simulations of a three-dimensio-

nal pipe flow through a 60 mm long perfectly straight cylindrical pipe 
with a uniform circular cross section of diameter 𝐷 = 4 mm; see Fig. 2a. 
The authors used two material models:

(a) Conventional Navier-Stokes model with infinite viscous strength, 
further abbreviated CV;

(b) Modified Navier-Stokes model with finite viscous strength, further 
abbreviated VSM.

The fluid is water with mass density 𝜌 = 1000 kg∕m3, viscosity 
𝜂 = 0.001 kg∕m∕s, critical equivalent strain rate [35,36] 𝜙 = 848.5 s−1, 
and constant 𝑚 = 20. For the sake of comparison, specific sections are 
chosen in the pipe (see Fig. 2b) to record measurements of respective 
simulations.

The accuracy of a numerical solution is highly influenced by the 
chosen discretization scheme. In our case studies, we anticipate local in-
stabilities as fluid layers lose internal friction beyond the critical strain 
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Fig. 1. Viscous strength model.

Fig. 2. Schematic diagram of the problem.
rate, leading to a significant drop in shear stress (see Fig. 1b). For prob-

lems involving regions with sharp gradients, structured grids suffer from 
a higher numerical diffusion. In such cases, unstructured meshes of-

fer superior adaptability to local solution variations, ensuring precise 
representation of significant changes. This choice is crucial to achieve 
more accurate solutions in areas with rapid changes or sharp gradi-

ents.

The authors utilize the unstructured mesh discretization in the com-

mercial software ANSYS-R1. Fig. 3 illustrates the discretization at a 
typical pipe cross-section. The boundary conditions and assumptions are 
as follows:

• Inlet:: initially stable and, hence, a fully developed parabolic flow 
profile (Fig. 4)

• Outlet:: Zero pressure boundary condition

• Pipe Wall:: stationary with no-slip boundary conditions

Numerous computational studies [39–42] on turbulent pipe flow 
simulations indicate that assuming a uniform velocity condition at the 
inlet face leads to velocity overshoot. To address this, the authors 
3

adopted a stable parabolic inlet velocity condition, aligning with the 
Fig. 3. Typical cross-sectional mesh.
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Fig. 4. Velocity profiles provided at the inlet of the pipe for different simulation 
cases.

Table 1

Inlet velocity (𝑣in) and Reynolds number (𝑅𝑒) for dif-

ferent load cases (𝜌 = 1000 kg∕m3 ; 𝐷 = 4 mm; 𝜂 =
0.001 kg∕m∕s).

Load case Inlet velocity (𝑣in) (m/s) 𝑅𝑒 =
2𝜌𝑣in𝐷

3𝜂

A 0.6 1600

B 0.7 1867

C 0.9 2400

no-slip boundary condition at the pipe wall. The Reynolds number can 
be approximated by relating the peak inlet velocity to a uniform veloc-

ity 𝑣̂, which generates a fully developed velocity profile at the inlet face, 
as shown in Fig. 4. According to laminar flow theory, the relationship 
between 𝑣̂ and 𝑣in is given by 𝑣̂ = 2𝑣in

3 , resulting in a Reynolds num-

ber 𝑅𝑒 = 2𝜌𝑣in𝐷

3𝜂 . To capture the transition, numerical simulations were 
conducted for three load cases by varying the peak inlet velocity 𝑣in. 
Specifying the inlet velocity provides a clear understanding of the ve-

locity gradient generated within the flow. Table 1 lists the peak inlet 
velocities and the corresponding Reynolds numbers for all the loading 
cases considered in the numerical examples.

The choice of an appropriate numerical framework is essential to 
capture the underlying physical processes governing the genesis of ma-

terial instability in a pipe flow problem. For realistic 3D flows, the 
direct numerical solution becomes intractable. Instead, the large Eddy 
simulation (LES) is routinely used to save time. The specific advan-

tage of LES lies in effectively reducing computational costs, yet cap-

turing the transition to turbulence with reasonable accuracy. The LES 
filters out small-scale eddies, insignificant to turbulence, from the solu-

tion and determines the unknowns using a subgrid turbulence model. 
Among various subgrid turbulence models [43–47] reported in the lit-
erature, the wall-adopted local eddy-viscosity (WALE) [45] approach is 
advantageous for problems related to transitional flows. In principle, 
the WALE model represents proper scaling at the wall functions and 
returns a zero turbulent eddy viscosity (𝜇t) for laminar shear flows, 
which makes it appropriate to treat laminar zones in the fluid do-

main.

Remark 3. The accuracy of any computational model is sensitive to the 
choice and level of discretization of the problem domain. The authors 
conducted a grid independence study for velocity test case I; i.e. 𝑣in = 0.6
m / s, i.e. 𝑅𝑒 ≈ 1600 with three different sets of mesh size discretization

0.3 mm (769186 elements), 0.1 mm (1514833 elements), and 0.08 mm 
4

(2998621 elements). However, the convergence study is only limited to 
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Table 2

Y+ value in VSM simulation for velocity case 
I: 𝑣in = 0.6 m / s i.e. 𝑅𝑒 ≈ 1600.

Mesh size (mm) No of nodes 𝑌 +

0.3 769186 5.2 - 14

0.1 1514833 0.88 - 1.12

0.05 2998621 0.04 - 0.76

𝑟𝑒 ≈ 1600. Further to ensure a proper and accurate wall treatment near 
the pipe wall the authors carefully studied the corresponding maximum 
Y+ values for each set of simulations (Table 2). The authors chose the 
optimum discretization mesh size of 0.1 mm (1514833 elements) for 
rest of the simulations.

In the first set of simulations, with the peak inlet velocity of 𝑣in = 0.6
m/s i.e. 𝑅𝑒 ≈ 1600 (refer to Table 1) the CV model (i.e. the classical 
NS model with infinite viscous strength) predicts a stable laminar flow; 
whereas in the VSM (i.e. the modified NS model with finite viscous 
strength) the authors can observe instability in the flow. This highly 
localized material instability triggers deviation from laminar flow near 
the outlet of the pipe (Fig. 5a). The onset of instability is visible in the 
profile of the longitudinal velocity across the cross section of the pipe at 
a distance 𝐿∕𝐷 = 10 from the inlet face (section Q-Q in Fig. 2b) of the 
pipe (Fig. 5b).

As the authors increase the inlet velocity to 𝑣in = 0.7 m / s, i.e., 
𝑅𝑒 ≈ 1867, the CV model still predicts a perfectly stable solution and 
the flow remains perfectly laminar. However, in the VSM solution the 
authors can observe a visible deviation from the laminar flow pattern 
(Fig. 5c). In this case, the instabilities are more pronounced than the 
first case. The contour of longitudinal velocity across the cross-section 
of the pipe at a distance 𝐿 = 10𝐷 (section Q-Q in Fig. 2b) in Fig. 5d 
demonstrates a clear transition to turbulence.

With the further increase in the inlet velocity to 𝑣in = 0.9 m/s, that 
is, 𝑅𝑒 ≈ 2400, the VSM simulation produces a turbulent flow with eddies 
spread globally along the length of the pipe (Fig. 5e) while the CV model 
still provides a stable laminar flow. Like in the previous examples, in 
section Q-Q, 𝐿 = 10𝐷 distant from the inlet, Fig. 5f indicates complete 
loss of the laminar mode in the longitudinal flow.

Instabilities in the flow generate localized puffs or fluctuations in 
the transverse velocity profile in the channel. The VSM simulation 
reports that the peak fluctuation is ≈ 0.1 m/s, whereas for the CV 
model the authors do not notice any significant fluctuation for 𝑣in=0.6
m/s (Figs. 6a-6b). These fluctuations are highly localized in nature 
and the flow remains laminar. As the authors increase the inlet ve-

locity to 𝑣in=0.7 m / s, the localized puffs magnify and the peak mag-

nitude reaches ≈ 0.16 m/s (Figs. 7a-7b). For 𝑣in = 0.9 m/s, that is, 
𝑅𝑒 ≈ 2400, the VSM simulation yields a turbulent flow with eddies with 
a maximum variation in the transverse velocity of ≈ 0.25 m/s (refer to 
Figs. 8a-8b).

Remark 4. The authors note that the standard viscometer/rheometer 
tests are useless for the calibration of fluid strength. In fact, to observe 
the drop in viscosity, all fluid particles should reach the critical state 
simultaneously. That is practically impossible and the viscosity drops 
randomly at some points where the local material instability develops. 
Thus, only the observation of the onset of transition to chaos is suitable 
for calibration of the fluid strength. This issue is discussed with great 
attention in [36], to which the reader is referred.

Remark 5. The authors again emphasize that the authors used the 
same techniques for large-eddy simulations for both the classical Navier-

Stokes model and the model enhanced with strength. The latter model 
presents viscosity as a step function with nonzero and zero viscosity co-

efficients. The theory of large-eddy simulations is equally applicable to 

both constitutive models and the comparison of the results is objective.
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Fig. 5. Variation of flow velocity (𝑣𝑥) (refer to sections M-M, and Q-Q in Fig. 2b) for different inlet velocity conditions — A, B, & C (Table 1).

Fig. 6. Variation of transverse velocity along the length of the pipe at section M-M (refer to Fig. 2b) for inlet velocity case A ; 𝑣in=0.6𝑚∕𝑠.
5

Fig. 7. Variation of transverse velocity along the length of the pipe at section M-M (refer to Fig. 2b) for inlet velocity case B ; 𝑣in=0.7𝑚∕𝑠.
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Fig. 8. Variation of transverse velocity along the length of the pipe at section M-M (refer to Fig. 2b) for inlet velocity case C ; 𝑣in=0.9𝑚∕𝑠.
Table 3

Maximum strain rate and wall shear stress in the channel section for 
the CV model or conventional Navier-Stokes equation under different 
inlet velocity conditions (𝜙 = 848.5 s−1).

Inlet velocity Max strain rate Max wall shear

Case (𝑣in) (
√
𝐃 ∶𝐃) (𝜏max)

√
𝐃 ∶𝐃
𝜙

m/s s−1 Pa

A 0.6 596.7 0.60 0.70

B 0.7 696.2 0.71 0.82

C 0.9 895.2 0.91 1.06

4. Discussion

Based on the numerical simulations reported above, the authors sug-

gest that the turbulence is an outcome of two main events: the genesis of 
material instabilities in the laminar flow and the transition and growth 
of local instabilities in large eddies. Instabilities appear initially due 
to the reduction in viscous stresses with the increase in flow strain 
rates.

Our simulations and some parameters collected in Table 3 prompt 
that material instabilities are born at 𝑣in = 0.6 m/s. The latter means 
that shear stresses begin to drop near the pipe wall, small eddies appear 
and begin to grow, and the flow deviates from the laminar (Fig. 9a; 
Case-A) behavior. When the flow velocity increases to 𝑣in = 0.7 m/s, 
the fluid remains within the transition range, but the instabilities and 
eddies expand over a wider zone (Fig. 9a; Case-B). By increasing the 
inlet velocity to 𝑣in = 0.9 m/s (Case-C), the eddies become large and 
spread throughout the pipe (Fig. 9a; Case-C).

Once the instability arises, the drop in the shear stress near the 
zone of instability induces disturbances in transverse velocities. The 
magnitude of the disturbances increases with increasing flow velocity 
(Figs. 9b-9c). The turbulence moves towards the inlet face of the pipe 
with an increase in the inlet velocity of the fluid. The variation in axial 
velocity in section M-M is marginal for 𝑣in = 0.6 m/s.

Fig. 10 presents another interesting phenomenon: as the fluid loses 
its stability, the strain rates are magnified near the zone of instability. 
Subsequently, during the transition to turbulence, the magnified strain 
rates start propagating towards the center of the pipe.

The flow profiles generated in the simulations demonstrate the abil-

ity of the constitutive model to capture the developing turbulence. The 
initial visible sign of instability originates in Case-A at a distance of 
𝐿 = 10𝐷 from the inlet face of the pipe (Fig. 11a). As the inlet velocity 
increases to 0.7 m/s and 0.9 m/s in Case-B and Case-C respectively, the 
local instability diffuses towards the inlet face resulting in turbulence 
much closer to the inlet (Figs. 11b-11c). While in Fig. 11a the flow 
remains laminar up to 𝐿 = 12.5𝐷 from the inlet, the laminar zone is 
predominantly restricted up to 𝐿 = 7.5𝐷 in Fig. 11b. A further increase 
in the inlet velocity makes the flow turbulent even before 𝐿 = 7.5𝐷 -
6

Fig. 11c.
5. Conclusions

In this study, numerical simulations of pipe flow based on the Navier-

Stokes model with and without viscous strength were conducted. The 
main conclusions drawn from the simulations are:

• The modified Navier-Stokes model incorporating the viscous

strength can capture transition from laminar to turbulent regime 
in pipe flow, whereas the classical Navier-Stokes model without 
the viscous strength fails to do that.

• The simulations suggest that the local instabilities originate at 𝑅𝑒 ≈
1600 and subsequently grow into globally chaotic turbulent motion 
at 𝑅𝑒 ≈ 2400, which corresponds well with the recent experimental 
observations reported by Avila et al. [6].

• The viscous strength model does not require any ad-hoc perturba-

tion to be included in the numerical simulation.

The authors hypothesise that material and kinematic instabilities both 
play a role in the transition from laminar to turbulent flows. Introduc-

tion of the material parameter of viscous strength is a possible way to 
enforce material instabilities in the constitutive models of fluids. Such 
instabilities can trigger transitions to chaotic flow when kinematic in-

stabilities are absent. Enhancing the classical Navier-Stokes model with 
a finite viscous strength parameter offers new opportunities to simulate 
and understand the transition to turbulence. To elaborate the capacity 
of the viscous strength model, the present work is concentrated only on 
perfectly straight Newtonian pipe flow simulations. The modified con-

stitutive model can be used in simulations of various flows with possible 
transition to turbulence in the future.
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Fig. 9. Variation in flow velocities along the direction of pipe flow at section M-M (cut at the midplane where 𝑧 = 0, refer to Fig. 2b) for velocity cases A, B, and C.

√

7

Fig. 10. Magnification of the strain rate ( 𝐃 ∶𝐃) in the M-M section (at 𝑧 = 0, in Fig. 2b) for different inlet velocity conditions — Case – A,B, & C.
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Fig. 11. Variation of longitudinal velocity (𝑣𝑥) across the cross-section of the pipe cut at distances L = 7.5D, 10D, 12.5D, and 15D downstream from the inlet face 
(refer to cross-sections P-P, Q-Q, R-R, and outlet in Fig. 2b) for different inlet velocity conditions.
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